Primitive harmonic maps of finite type from a Riemann surface M into a k-symmetric space G/H are obtained by integrating a pair of commuting Hamiltonian vector fields on certain finite-dimensional subspaces of loop algebras. We will clarify and generalize Ohnita and Udagawa's results concerning homogeneous projections p : G/H → G/K, with H ⊂ K, preserving finite-type property for primitive harmonic maps.
Introduction
It is well known (cf. [5, 10] ) that harmonic maps from a Riemann surface M to a Riemannian symmetric space G/K correspond to certain holomorphic maps, the extended framings, into the loop group ΛG. An extended framing reveals intimate properties of the corresponding harmonic map.
The simplest situation occurs when the Fourier series associated to an extended framing has finitely many terms; the corresponding harmonic maps are said to have finite uniton number. All the harmonic maps in a domain of genus zero are of this kind. Again, harmonic maps obtained via twistor construction have finite uniton number. The twistortheoretic construction of harmonic maps from holomorphic data accounts for all isotropic harmonic maps from a Riemann surface into a sphere or a complex projective space. In particular, all harmonic 2-spheres in S n or CP n arise in this way [7, 8, 9] .
Harmonic maps of finite type correspond to extended framings which can be obtained by integrating a pair of commuting Hamiltonian vector fields on certain finite-dimensional subspaces of loop algebras. It was shown in [4] that any nonconformal harmonic map of a 2-torus into a rank-one symmetric space G/K is of finite type. Burstall [3] generalized the notion of harmonic map of finite type to the case where the target manifold admits a k-symmetric structure and proved that any weakly conformal nonisotropic harmonic map φ of a 2-torus into S n or CP n can be lifted to a primitive harmonic map of finite type into a certain k-symmetric space. The k-symmetric spaces form a class of reductive homogeneous spaces that includes both symmetric spaces and generalized flag manifolds.
Ohnita and Udagawa [13] showed that given a primitive harmonic map ψ of finite type of C into a generalized flag manifold G/H with its canonical k 1 -symmetric structure, φ = p • ψ : C → G/K is also a primitive harmonic map of finite type for some choices of K ⊃ H, where p : G/H → G/K is the natural homogeneous projection over the generalized flag manifold G/K with its canonical k 2 -symmetric structure. For example, CP n and the corresponding k-symmetric spaces used to build the primitive lifts are generalized flag manifolds and satisfy the conditions on K. Our main purpose in this paper is to clarify these conditions on the closed subgroup K and give a generalization of Ohnita and Udagawa's result. The key observation which makes this possible is the following: what underlies their algebraic computations is the existence of an isomorphism Λ τ g → Λg, for any inner automorphism τ of order k in g, which we can construct explicitly in several cases. Thus, clarifying this matter, we will be able to arrive at the following conclusions.
(a) The condition on the closed subgroup K admits a nice geometrical formulation. G C acts transitively on any generalized flag manifold G/H with parabolic subgroups as stabilizers. A subgroup of G C is parabolic if it can be realized as the stabilizer of some flag
Hence, associated to the generalized flag manifold G/H with its canonical k 1 -symmetric structure, there is a parabolic subgroup P. If we take another parabolic subgroup Q such that P ⊂ Q, we have a new generalized flag manifold G/K with its canonical k 2 -symmetric structure, such that K ⊃ H. When G C is simple, the conditions on the choice of K referred to above amount to the demand that P ⊂ Q. (b) S n and the corresponding k-symmetric spaces used to build the primitive lifts are not generalized flag manifolds. However, both symmetric structures arise in a natural way from some parabolic subgroups P ⊂ Q. Our theorem concerning homogeneous projections preserving finite-type property also holds for this kind of k-symmetric space. Hence, one can prove directly that any harmonic two-torus into S n which is covered by a primitive map of finite type is also of finite type. Ohnita and Udagawa prove this result via a totally geodesic isometric immersion into complex projective space.
Primitive harmonic maps
Let N = G/K be a k-symmetric space with automorphism τ and associated eigenspace decomposition
where g j is the ω j -eigenspace of τ and ω = e 2πi/k . We get a reductive decomposition g = k ⊕ m by setting m = m C ∩ g, where
Let φ : C → N be a smooth map and take a lift ψ : C → G with φ = π • ψ, where π : G → G/K is the coset projection. Corresponding to the reductive decomposition is a Rui Pacheco 3201
Let α m = α m + α m be the type decomposition of α m into (1,0)-form and (0,1)-form of C. A map φ : C → N is said to be primitive if α m is g 1 -valued. If k ≥ 3, then any primitive map φ : C → N is harmonic with respect to any naturally reductive metric on N (cf. [1] ). Of course, when k = 2, all maps are primitive. Following [5] , we will talk about primitive harmonic maps whenever we want to avoid treating the case of k-symmetric spaces with k = 2 separately, conscious of the fact that the term "primitive" (resp., "harmonic") is redundant when k = 2 (resp., k > 2).
Suppose now that φ : C → N is a primitive harmonic map and consider the loop of 1-forms
Since α m is g 1 -valued, we may view α λ as a Λg τ -valued 1-form, where
Further, d + α λ is a loop of flat connections (cf. [5] λ dψ λ = α λ , and then φ λ = π • ψ λ will be an S 1 -family of primitive harmonic maps, with φ 1 = φ (cf. [5] ). Moreover, ψ λ is unique up to left translation by a constant. We may choose these constants so that ψ λ (z o ) depends smoothly on λ for some (and hence every) z o ∈ C. Let ΛG τ be the infinite-dimensional Lie group corresponding to the loop Lie algebra (2.4):
Then, we can define a smooth map Ψ : C → ΛG τ by setting Ψ(z)(λ) = ψ λ (z). Ψ is called an extended framing.
Extended framings of finite type
Let g be a compact semisimple Lie algebra, τ : g → g an automorphism of order k with fixed set k, ω = e 2πi/k the primitive kth root of the unity. Let t be a maximal torus of k. Then, t C is a Cartan subalgebra of k C . Fix a positive root system ∆ + . For each X ∈ g, adX is skew with respect to the Killing inner product on g, and so has purely imaginary eigenvalues. Thus, any root α associated to t C belongs to √ −1t * , and so k α = k −α , where k α denotes the corresponding root space. Set
the nilpotent subalgebra given by the positive root spaces. Hence k C = t C ⊕ n ⊕ n, where the complex conjugation is taken with respect to the real form g.
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For any map ξ :
where z is the complex coordinate on C. For a such ξ,
is a Λ τ g-valued 1-form on C, since the λ-coefficient ξ d is g 1 -valued, and α λ is of the form (2.3). It happens that d + α λ is a loop of flat connections (cf. [5] ). Thus, we can integrate to get an extended framing Ψ : C → ΛG τ (where G is a connected, compact, and semisimple Lie group with Lie algebra g), unique up to left translation by a constant loop, with Ψ −1 λ dΨ λ = α λ . We call the extended framings so-obtained extended framings of finite type. A map ξ : C → Λ d,τ which satisfies (3.5) is called a polynomial Killing field.
Parabolic subalgebras
Let g C be a complex semisimple Lie algebra with Killing form denoted by B. Given a subspace V ⊂ g C , we will denote by V ⊥ the polar of V with respect to B. A subalgebra p ⊂ g C is said to be a parabolic subalgebra if p ⊥ is a nilpotent subalgebra of g C . The relationship between such subalgebras and root systems is given in the following theorem.
Theorem 4.1 [12] . Let a be a Cartan subalgebra for g C , ∆ = ∆(g C ;a) the set of roots, and ∆ + a positive root system with simple roots α 1 ,...,α l . For each root α, denote by g α the corresponding root space. Each subset I of {1, ...,l} defines a "height" function n I on ∆ by
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and then
is a parabolic subalgebra. Moreover, every parabolic subalgebra is conjugate to a p I for a unique subset I of {1, ...,l}.
Suppose that p ⊂ g C is a parabolic subalgebra. Then, p makes g C into a filtered algebra: set
The nilpotency of p (1) assures us of the existence of k such that p (k) = {0} and p (k+1) = {0}. Then
and for all i, we have
Let us consider the additional structure given by a compact real form g of g C . We denote by ξ → ξ the complex conjugation on g C with respect to the real form g. Set q = p (which is also a parabolic subalgebra of height k) and
The subalgebra g ∩ p contains a maximal torus t of g and t C is a Cartan subalgebra of g C contained in p. Since p must have the form p I for some subset I of simple roots with respect to t C , one can easily check that
and so
Thus we are providing g C with the structure of a graded algebra. Since g C is semisimple (and so every derivation is an inner derivation), we conclude that there is a unique ξ ∈ g C with adξ
, we call ξ the canonical element of p associated to the compact real form g. Observe that adξ has values in g when restricted to g. But g, being semisimple, has trivial center z(g) = {0}, whence ξ ∈ g. At the same time, ξ centralizes h = p ∩p ∩ g. So ξ belongs to the center of h in g, z(h) ⊂ g.
We will need the following two lemmas. 
Proof. Fix a maximal torus t in h ⊂ h together with a positive root system ∆ + with simple roots α 1 ,...,α l so that p = p I and p = p I . Since p ⊂ p, we have I ⊂ I ⊂ {1, ...,l} and n I (α) ≤ n I (α). Hence, (4.7) follows from (4.5). Suppose g is simple. The adjoint representation of a simple Lie algebra is irreducible, and so adg C has a unique highest weight which is the highest root θ. Observe that n I (θ) = k and n I (θ) = k. Since any irreducible g C -module is generated from the highest weight space by the action of vectors in the root spaces of the negatives of the simple roots, we have for any root α,
for suitable i 1 ,...,i s , and (4.8) follows from (4.5).
Let G C be a connected semisimple complex Lie group with complex Lie algebra g C . A parabolic subgroup of G C is a complex Lie subgroup which is the normalizer of a parabolic subalgebra of g C . A generalized flag manifold is a homogeneous space of the form G C /P with P a parabolic subgroup. The following facts are well known (cf. [14] ): (a) all parabolic subgroups are connected and a subgroup is parabolic if and only if its algebra is parabolic; (b) if G is a compact real form of G C , then G acts transitively on G C /P so that a generalized flag manifold is diffeomorphic to the real coset space G/G ∩ P. Further, G ∩ P is connected and is the centralizer of a torus, while, conversely, if H is the centralizer of a torus in G, then H = G ∩ P for at least one parabolic subgroup P of G C . So let F = G C /P = G/H be a generalized flag manifold, p the Lie algebra of P, k the height of p, ξ the canonical element of p associated to the compact real form g (the Lie algebra of G), and g i the i √ −1-eigenspace of adξ. Then, the Lie algebra of
Denote by ω the primitive (k + 1)th root of the unity. The ω i -eigenspace of τ is given by
Hence, we are providing G/H with the structure of an k + 1-symmetric space, called the canonical k + 1-symmetric structure.
Twistor fibrations giving primitive harmonic maps of finite type
The following lemma provides the key that we will use to prove the main result of this paper. 
Hence Γ τ (γ) ∈ Λg τ . To see that Γ τ is an isomorphism, note that σ(λ −1/s )γ(λ 1/s ) does not depend on the choice for the sth root of λ if γ ∈ Λg τ . Hence we can define a map Γ
Suppose that (a) G is a compact Lie group with Lie algebra g; (b) p ⊂ p ⊂ g C are two parabolic subalgebras of g C with heights k > 2 and k ≥ 2, respectively.
Let ξ and ξ be the canonical elements of p and p, respectively. Fix n 1 ,n 2 ∈ {0, 1}, with n 1 ≥ n 2 , and set s = k + n 1 and s = k + n 2 . We can construct two automorphisms of g C :
of order s and s, respectively. Associated to τ and τ, we have two decompositions of g C into eigenspaces:
where
Now suppose that (c) g C is simple. In this case, Lemma 4.3 gives g −k ⊂ g − k and g k ⊂ g k ; on the other hand, g 0 = p ∩ p ⊂ p ∩ p = g 0 . Hence g 0 ⊂ g 0 . Further, since g 0 and g 0 are closed under conjugation, there are subgroups K and K of G, with Lie algebras k and k, such that K ⊂ K, k C = g 0 , and k C = g 0 . In fact, we are providing G/K and G/ K with structures of s-and s-symmetric space, respectively. We observe that when n 1 = n 2 = 1, G/K and G/ K are generalized flag manifolds. With these definitions, we have the following theorem.
Theorem 5.2. Assume (a), (b), and (c) above. Then if ψ : C → G/K is a primitive map of finite type, so is
Proof. Fix a maximal torus t of g which is contained in k ⊂ k. Denote by ∆ the set of roots in g C associated to the Cartan subalgebra t C and define the subset S ⊂ ∆ by α ∈ S if and
S is nonempty and satisfies (i) S ∩ −S = ∅;
(ii) S is closed. Any subset of ∆ satisfying these conditions can be extended to a positive root system (cf. [2] ). Let ∆ + be such extension of S and let n be the subalgebra generated by all the positive root spaces. According to our choices, we observe that
(5.5)
In fact, since
equalities (5.5) follow from (4.7) and (4.8).
Starting with the canonical elements ξ and ξ of p and p, respectively, we can define two loops of automorphisms σ, σ :
Note that σ(ω) = τ and σ( ω) = τ. We also have σ(λ)g j = Adexp(θξ)g j = λ j g j , and in the same way σ(λ) g j = Ad exp(θ ξ) g j = λ j g j . By Lemma 5.1, we have an isomorphism
We will also denote by Γ : 12) where N ∈ N is defined by
(5.13)
Then, we see that p • ψ is also of finite type.
Example 5.3. Fix in C n the usual Hermitian inner product. Let
Then, we find that
is a parabolic subalgebra of sl(n, C) = su C (n) for which
where we set V j = {0} for j ≤ 0. p has height r − 1. We may define mutually orthogonal subspaces E 1 ,...,E r by
The corresponding generalized flag manifold is therefore
Consider a new flag of index
Suppose that for each j ∈ {1, ...,s}, there is some i ≥ j, with i ∈ {1, ...,r}, such that W j = V i . Then we find a new parabolic subalgebra of sl(n, C),
with height s − 1, for which p ⊂ p. The corresponding generalized flag manifold is now F J and by Theorem 5.2, we conclude that a primitive harmonic map of finite type into F I gives rise by projection to a primitive harmonic map of finite type into F J .
Remark 5.4. Burstall proves in [3] that any weakly conformal nonisotropic harmonic map from the 2-torus to 
Proof. We observe that the condition "g C is simple" in Lemma 4.3 could be replaced by
Hence, the proof of Theorem 5.2 can also be applied in this setting.
Remark 5.6. Let G be a semisimple Lie group and let G/K be a generalized flag manifold with the canonical k + 1-symmetric structure τ and p the corresponding parabolic subalgebra. Pick a Cartan subalgebra and a positive root system ∆ + so that p = q I for some subset I. Let n be the subalgebra generated by the positive root spaces. Suppose that K is a closed subgroup of G satisfying that (i) K ⊂ K and G/ K is a generalized flag manifold with the canonical k + 1-symmetric structure τ for some 2 ≤ k + 1 < k + 1; (ii) the canonical decomposition g = k ⊕ m is τ-stable and orthogonal; (iii) the eigenspace decomposition of g C with respect to τ, g C = g j , with g 0 = k C , satisfies g 1 ∩ n ⊂ g 1 and g j ∩ g s = 0 for j = 1,..., k − 1 and s = j + 1,..., k. In [13, Theorem 3.5], Ohnita and Udagawa proved that under these conditions, the homogeneous projection p : G/K → G/ K transforms primitive maps of finite type in primitive maps of finite type. Consider the parabolic subalgebra defined by
We observe that the generalized flag manifold G/ K is associated to p and that these conditions on K imply that p ⊂ p and p (k) ⊂ p ( k) . Hence, Ohnita and Udagawa's theorem is a particular case of Theorem 5.5.
Example 5.7. Let V = R 2n+1 , (·,·) the usual inner product in V , and (·,·) C its complex bilinear extension. Fix r ∈ N with r < n + 1 and let F r (S 2n ) be the bundle of isotropic flags over S 2n with fiber Orthogonalize to obtain isotropic lines 1 ,..., r and a real subspace r+1 in T C m S 2n so that
are orthogonal decompositions. Take k = 2r + 2. Let ω be the usual kth root of unity and define Q ∈ O(2n + 1) by Q = ω j on j . Let τ be the order k automorphism of SO(2n + 1) given by conjugation by Q. The identity component of the fixed set of τ is precisely the stabilizer H, so that F r (S 2n ) is a k-symmetric space. Consider the usual isomorphism so(2n + 1) ∼ = ∧ 2 R 2n+1 :
The adjoint action of SO(2n + 1) on ∧ 2 R 2n+1 is given by
The associate reductive decomposition g = h ⊕ m is given by
(5.25)
Moreover, the ω j -eigenspace of τ is
for j ∈ {1, ...,r}, and 
We now describe the structure of so(2n + 1,C 
forms a positive set of roots. Associated to L i + L j , we have the root space
..,α n−1 is the set of simple roots associated with ∆ + . Define the subset
Clearly, max α∈∆ + {n I (α)} = k. Consider then the height-k parabolic subalgebra p = p I . Let ξ be the canonical element of p and g j the √ −1 j-eigenspace of adξ. Then,
(5.30) and for 0 < j < r + 1, we have Remark 5.8. Burstall proves in [3] that any weakly conformal nonisotropic harmonic map from the 2-torus to S n can be lifted to a primitive map of finite type into a certain generalized flag manifold of the form F r (S n ). On the other hand, in [4] the authors proved that any nonconformal harmonic map of a 2-torus into a rank-one symmetric space G/K is of finite type. Combining these results with Theorem 5.2, we conclude that any nonisotropic harmonic map of 2-torus into a sphere S n is of finite type (when n is odd, we can view S n as an equator of S n+1 ). In [13] , Ohnita and Udagawa prove this same result by constructing an embedding of so(n + 1) into su(n + 1) such that for each j, the g j -subspace for the k-symmetric structure of F r (S n ) is mapped into the g j -subspace for the canonical k-symmetric structure on the generalized flag manifold over CP n . Our treatment of the sphere case is more direct and arises in a general setting.
Example 5.9. Let p ⊂ g C be a parabolic subalgebra of height k. Let F = G/H be the corresponding generalized flag manifold with canonical k + 1-symmetric structure denoted by τ and canonical element denoted by ξ. We can define an inner involution on g C by τ ξ = Adexp(πξ), which induces a symmetric decomposition g C = k C ⊕ m C , where 
